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Abstract 
Mixed Hybrid Finite element method, MHF, is known to be an efficient and powerful analyzing technique with satisfactory 
accuracy when differentiated variables should be evaluated, such as flow velocity based on velocity potential theory or stress 
calculated from displacement. On the other hand, it is known that the calculation accuracy and efficiency are affected by 
elemental shape and modeling. The aim of this study is to confirm the efficiency and accuracy of MHF by comparing it with 
FEM, and to discuss optimum elemental shapes and modeling. MHF, unlike FEM, evaluates the velocity potential and the flux on 
the element boundaries not at the element nodes; consequently, the material or mass balance of each element due to flow-in and 
flow-out through the boundaries can be strictly estimated. The flow velocity within an element, however, should be interpolated 
by those values on the boundaries, and a distinctive shape function, known as the Raviart-Thomas shape function, becomes 
necessary. The authors established the MHF formulation for arbitrary shaped elements with 3 and 4 boundaries, and numerically 
investigated its efficiency and accuracy with various shapes of elements. Through this study, it was confirmed that MHF can 
evaluate accurate flow velocity with a fewer number of elements than those of FEM. In addition, the effect of shape and 
modeling of elements on the numerical results were discussed to obtain better accuracy even if the total number of the elements is 
kept constant. 
© 2014 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
The finite element method, FEM, has been widely used for numerical simulations. In structural mechanics, for 
example, displacement is usually assumed at each node and the displacement within an element is interpolated by 
shape functions. The strain and stress in the element is calculated based on this interpolation. Assuming that a node 
is shared by two elements on their boundary, the displacement at the node is common for those two elements, and 
the displacement is consequently evaluated continuously without any difference in the displacements at the node.  
However, the strains at the node are not always continuous because they are calculated based on the shape functions 
with their partial differentials of displacements; in other words, the strains as a gradient of displacement are 
calculated from each element. In the case of fluid flow simulations the evaluation of flow velocity or flux, which is 
estimated as a partial differencial of velocity potentials, becomes more important to satisfy the mass balance within 
an element, compared to the evaluation of the velocity potentials themselves. When a usual FEM is adopted for such 
a simulation, the flow velocity or the flux interpolated from the velocity potentials is not always continuous on the 
boundary as well as the node. As a result, the mass balance in each element due to flow-in and flow-out through the 
boundaries cannot be estimated appropriately with computational accuracy [1]. 
Mixed Hybrid FEM, on the other hand, has an advantage to keep the continuity in the flow velocity on 
boundaries between elements, since the flow amount at each boundary is defined as an objective variable in the 
formulation and the mass balance in each element is strictly satisfied. Consequently, MHF can compute the whole 
flow in the model accurately by tracing the path of fluid [2]. 
In MHF, however, it is necessary to introduce different shape functions from the FEM since the flow velocity 
within an element should be interpolated from the flow amount defined at each boundary, such as the Raviart-
Thomas shape function (RT; low-order) [3] and the Brezzi-Douglas-Marini shape function (BDM; high-order). It is 
notable that those shape functions are expressed as vectors with dimensions concerning the edge lengths of the 
boundary in order to interpolate the fluid flux from the amount of flow through the boundary [4,5]. 
Through this study, the effect of shape and modeling of elements on the numerical results are discussed to obtain 
greater accuracy, even if the total number of the elements is kept constant. As a conclusion, it is confirmed that MHF 
can evaluate accurate flow velocity with fewer number of elements than those of FEM.  
2. Comparison of MHF with FEM 
2.1. Non-degenerate form and Mixed form 
The discretized formulation of a governing equation for MHF starts with its mixed form; FEM is, in contrast, 
usually formulated based on the non-degenerate form. In the case of velocity potential theory for incompressible 
fluid flow, for example, the non-degenerate form for FEM is given by the Laplace equation. 
02  )k    (1) 
where k: coefficient of permeability ,): velocity potential. 
As Equation (1) implies, it is obvious that the exact solution for the velocity potential ) should be a 2-time 
differentiable. In FEM, however, the objective function ) is usually assumed to be a 1-time differentiable as a linear 
function due to the weak form formulation with partial integration after multiplication of a residual weighting 
function.  When the flow velocity is necessary, the velocity is computed as a constant within an element because of 
the first differential of ), a linear function
On the contrary, in MHF, the governing equations are expressed in mixed form such as in Equation (2), which 
relates the velocity potential and the flux based on Darcy’s law, and Equation (3) of mass-conservation law, shown 
below. 
qk & )    (2) 
0 q&    (3) 
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Table 1. Complete form and Incomplete form. 
El.1 El.2 El.1 El.2
El.1 El.2 El.1 El.2 El.1 El.2
Complete Complete Incomplete
ϕ 
q
El.1 El.2
 
The two equations shown above are formulated independently for discretization.  As a result, the objective 
functions such as the velocity potential )and the flux q are also interpolated independently and estimated directly 
within each element. 
2.2. Complete and Incomplete forms of interpolation 
The complete form of interpolation means that the differentiability of the objective function is consistently 
satisfied for the evaluation of itself and the differentials. In the case of usual FEM, ) is assumed linear as a 1-time 
differentiable function whereas the flux is calculated a constant as a first differential of ). Since there is no 
contradiction in the relation of differentiability between the original ) and its differential q, the interpolation is 
referred to as a complete form of interpolation.   
In MHF, on the other hand, interpolation functions for the objective function ) and the flux q can be designated 
independently without consistency in their differentiability. In our calculation, a discontinuous function is assigned 
to the objective function ) whereas a linear function is adopted for the flux q. In other words, the differentiability 
condition that the flux q should be a first differential of ) is not satisfied. Such an interpolation form is referred to 
as a incomplete form of interpolation. Typical examples of complete and incomplete interpolations for a couple of 1-
dimensional elements are illustrated in Table 1.  
2.3. Designation of location for representing values 
In FEM, unknown variables of ) are calculated at each node of an element, as shown in Fig. 1 (a). The flux q at 
arbitrary locations within an element, including the boundary, is computed with the interpolation functions for ). In 
MHF, however, all of the unknown variables such as ) and q are defined on the boundary as shown in Fig. 1 (b).  In 
particular, the amount of flow Q through each boundary is evaluated instead of the flux q. Since the mass-
conservation low given by Equation (3) is satisfied by the total amount of flow-in and flow-out through the 
boundaries of each element, the mass balance can be strictly preserved for each element. This is the strength of 
MHF and its largest difference when compared to FEM. Similarly, unknown variables for velocity potential ) are 
assigned to each boundary. However, the velocity potential within the element is assumed constant.  
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Fig. 1. (a) designation of location for unknown variables in FEM; (b) designation of location for unknown variables in MHF 
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Fig. 2. Point of view for the transfer matrix 
3. Shape functions for interpolation 
3.1. Transfer Matrix for normalized coordinates 
Before introducing shape functions for MHF, this chapter focuses on the transfer matrices of shape functions for 
normalized coordinates shown in Fig. 2 since all the shape functions are defined based on normalized coordinates.  
Assuming that fluxes q[ and qK are given as components of flux in the directions [ and K respectively, the 
components of flux in the directions x and y, and q[ and qK, can be computed through the following equations. 
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where [Tk] is referred to as a transfer matrix. 1/det[Tk] in Equation (4) stands for the rate of change in area. 
3.2. Linear Shape Functions for FEM 
Here we introduce linear shape functions commonly used in FEM for comparison. Fig. 3 indicates typical shapes 
of a quadrilateral element and a triangle element. The objective variables are assigned at each node. The shape 
functions for a quadrilateral element are expressed in Equation (5), the shape functions for a triangle element in 
Equation (6). The flux within an element is calculated by the differentials of the objective variables. 
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Fig. 3. Normal elemental shape for FEM and number of objective functions: (a) quadrilateral; (b) triangle 
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where [Nquad] is shape function of quadrilateral element and [Ntri] is the shape function of triangle element. 
3.3. Raviart-Thomas Shape Function for MHF 
As described in the previous chapter, unknown variables concerning the flux in MHF are assigned to the 
boundaries of each element shown in Fig. 4. In this figure, the variables named Q are representing the quantity of 
fluid flow through the boundary, and we introduce Raviart-Thomas shape functions to interpolate the flux within an 
element based on the quantity of fluid flow on the boundaries. Raviart-Thomas shape functions for a quadrilateral 
element are shown in Equation (7). 
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Where [RTquad] is the Raviart-Thomas shape function for quadrilateral element. In a similar way, the Raviart-
Thomas shape function for triangles is shown as Equation (8). 
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Fig. 4. Normal elemental shape for MHF and number of objective functions: (a) quadrilateral; (b) triangle 
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It is of interest that the shape functions have a dimension concerning the length of edge in order to convert the 
flow quantity to the flux. This is one of the important characteristics of this shape function. In addition, those shape 
functions estimate flux vectors within an element, whereas usual shape functions as Equation (5) for FEM 
approximate a scalar value of ).  
4. Global matrix formulation and mass balance evaluation 
4.1. Global matrix formulation 
The governing equations in mixed form are given by Equation (2) and Equation (3). First, we multiply a 
weighting function given by the Raviart-Thomas shape functions to Equation (2) and derive a discretized 
formulation. Equation (9) is obtained by applying Green’s theorem with partial integration. As a result, Equation (2) 
can be rewritten with three terms shown on the left hand side in Equation (9).   
0 ::) ³³³ :: kkk kkS k WdqWdkWndSk GGGI &   (9) 
The first term of Equation (9) includes peripheral integration of the velocity potential and the weighting function 
along the boundary. By introducing Raviart-Thomas shape functions into the term, it can be expressed as a 
transcribed summation as shown in Equation (10).  
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where ix'  and iy' are the lengths of the elemental boundary. 
Next, we consider the second term of Equation (9) by calculating the area integration of the velocity potential and 
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first differential of the weighting function. Since we assumed the velocity potential ) is constant within an element 
except its boundaries and the weighting function given by Raviart-Thomas function is linear, the second term is 
expressed very simply as Equation (11).  
^ ` kTk kWWdk
k
) :)³: GG    (11) 
Where )k is a velocity potential representing the value of the element.   
Finally, the third term of Equation (9) is rewritten by introducing Raviart-Thomas shape functions with the 
transfer matrix. This term can be written as Equation (12).  
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Substituting all of the terms in Equation (9) by Equation (10) to (12), we obtain the following equation. 
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By eliminating the terms relating the variation of the weighting function, the discretized form of Equation (9) is 
finally written through Equation (14).  
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The equation above relates the velocity potentials on the boundaries and within an element to the quantities of 
fluid flow through the boundaries. Since we introduced the mixed form for the governing equation, mass balance of 
each element is evaluated separately by Equation (3). By multiplying a weighting function to Equation (3) with 
application of Green’s theorem, Equation (15) is derived.   
0 : ³³ :kk kkS WdqWndSq GG &&    (15) 
where q
&
 is a vector of flow rate interpolated linearly. 
The first term of Equation (15) gives the mass balance due to flows through the boundaries, and the second term 
of Equation (15) stands for the change in density of fluids in an element. Since we assume the fluid is 
incompressible, the second term must be always zero. Thus, we introduced a constant to the weighting function in 
Equation (15). In other words, we adopted the idea of Finite Volume Method for the mass balance. As a result, 
Equation (15) is simplified as Equation (16). 
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0 ³ kS WndSqk G&    (16) 
After application of peripheral integration along the boundaries, we can finally obtain Equation (17) as the 
material balance equation.   
04321   QQQQ    (17) 
Combining Equation (14) and Equation (17) together, the matrix expression of the mixed form of the governing 
equation is given by Equation (18). 
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If the superposition principle is adopted, the global matrix can be constructed. 
4.2. Difference in mass balance evaluation between FEM and MHF 
In MHF, evaluation of mass balance in each element is done based on the quantities of fluid flow through the 
boundaries. Accordingly, the mass balance is strictly managed in MHF. In FEM, however, flux on each boundary 
should be estimated by applying shape functions to the velocity potentials calculated at each node. Equation (19) is 
showing the relation between velocity potentials and fluxes computed at four nodes of the element.   
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By integrating the flux vector in Equation (19) along the boundaries, the quantitative volume of fluid flow 
through the boundaries can be obtained. Although the flux calculated by Equation (19) is continuous within an 
element, it is not continuous on the boundary because the flux is interpolated from both elements connected by the 
boundary.   
5. Effect of elemental shape and modeling on the numerical accuracy 
5.1. Effect of elemental shape 
In order to evaluate the effect of the elemental shape on the accuracy in numerical simulation, we assume a 
fundamental model for incompressible fluid flow. The shape of the calculation domain is a trapezoid shown in Fig. 5, 
and the velocity potentials at the left and the right boundaries are set at 1 and 0 respectively as a Dirichlet condition.  
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The length of the left boundary is equal to 1 whereas the length of the right boundary is given as h. Thus, the fluid 
flows in the domain from left to right. We varied h, the length of right boundary, to confirm the accuracy in quantity 
of fluid flow. The fluid flux within the domain differs corresponding to h. When h is equal to 1, the shape of the 
calculation domain is assumed to be rectangular and the flow velocity becomes constant at any location in the 
domain.   
The authors adopted a quadrilateral element and triangular elements for the calculation domain. Fig. 6 (a) to (d) 
show the various calculation models for comparison. Model D consists of one quadrilateral element and three 
models, coined Model A to Model C, consist of triangular elements.   
Fig. 7 illustrates the relation between the shape of domain and the computation error. Model D with a 
quadrilateral element estimates the quantity of fluid flow with high accuracy regardless of h. When triangular 
elements are adopted such as Model A to Model C and the shape of domain is a rectangular with h = 1, estimated 
results coincide with the exact solution. However, the numerical errors increase with the growth of h. Generally 
speaking, an increase in the number of discretization of the calculation domain improves the numerical accuracy.  
As Fig. 7 shows, Model B and Model C with 4 triangular elements give better results than Model A with 2 triangular 
elements. Interesting is that Model B makes much better estimations than Model C for large values of h, although 
the total number of elements are.    
The authors consider that those numerical errors in triangular element models are caused by the characteristics in 
interpolation for flux within an element. Even if the quantities of fluid flow on the boundaries along a triangular 
element are evaluated as variables, the interpolated flux becomes constant at any location in the triangular element.  
Therefore, the whole flow in the calculation domain is approximated as a combination of constant flows computed 
in each triangular element. Discretization of the calculation domain for Model A unexpectedly produced better 
approximations than Model C. However, it should be noted that the distribution of triangular elements within the 
domain may deteriorate the accuracy in simulation results even if the total number of discretized elements is kept 
constant. 
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Fig. 5. Calculation domain with boundary conditions 
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Fig. 6. (a) Model A; (b) Model B; (c) Model C; (d) Model D 
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Fig. 7. Relation between shape of domain and computation error 
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Fig. 8. (a) Upper half of the domain; (b) Calculation model 
5.2. Effect of elemental shape 
We considered the effect of discretized modeling on the simulation results in a practical application model of 
MHF. A rectangular domain is assumed with a rectangular-shaped tunnel located at the center of the domain. The 
outside boundaries of the domain are pressured and velocity potentials of I  are given to the perimeter as a 
Dirichlet condition. In contrast, no pressure is acting on the inside boundaries of the tunnel and velocity potentials of 
I  can be assumed. Then, water permeates from the outside boundaries into the tunnel. Fig. 8 (a) illustrates the 
upper half of the domain, and Fig. 8 (b) shows a calculation domain. 
We discretized the calculation domain equally both in the water flow direction and in the transverse direction.  
Fig. 9 demonstrates a discretized modeling with 64 elements. Applying quadrilateral elements, we evaluated the 
total amount of water leaked into the tunnel. The estimated results are compared with those by the FEM using the 
same discretized modeling.   
Fig. 10 shows the relation between the numerical error in % and the total number of elements. It can be seen that 
MHF computed better estimations with few errors and the calculation result converges stably at considerably fewer 
elements than FEM. This best illustrates the advantage of MHF. 
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Fig. 9. Example of equally divided model (8 × 8) 
 
Fig. 10. Difference from convergence under equally divided 
 
Fig. 11. (a) Basic model; (b) Parallel to streamline model; (c) Perpendicular to streamline model 
5.3. Effect of meshing technique 
In the previous section, the advantages of MHF were confirmed through a comparison in the numerical accuracy 
and in the convergence of the solution vis-à-vis those by FEM. In this section, the effect of meshing technique on 
the numerical accuracy is discussed. Specifically, it is examined whether the numbers of discretization in the flow 
direction and in the transverse direction may influence on the accuracy. Fig. 11 illustrates typical meshing models.  
The basic model shown in Fig. 11 (a) is discretized equally in both directions. In the parallel to streamline model in 
Fig. 11 (b), the calculation domain is discretized into small portions along the streamline whereas the domain is 
divided into only 2 elements in the transverse direction. On the contrary, the perpendicular to streamline model in 
Fig. 11 (c) is discretized into many portions along the transverse direction. Though the total number of discretization 
is frequently discussed, we believed that the effect of meshing technique on the numerical accuracy must be verified.   
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Fig. 12. Different from divergence by dividing way in MHF 
The relations between the numerical error in % and the total number of elements are compared in Fig. 12. The 
error itself is quite small as less than 4 % at most for any model. If the calculation domain is discretized equally in 
both directions, stable convergence can be expected with the increase in the number of elements. However, the 
parallel to streamline model always gives a better estimation than the perpendicular to streamline model regardless 
of the number of elements. It is an important finding because fine meshing along the streamline raises the accuracy 
of evaluation if the streamline can be forecasted prior to calculation. 
6. Conclusion 
In this paper, the authors provided a formulation procedure for Mixed Hybrid FEM as well as the characteristics 
of MHF. As a result, discretized matrix equations are successfully derived for both quadrilateral and triangular 
elements. After comparisons in numerical simulations, it was verified that a quadrilateral element has an advantage 
over a triangular element for good estimation with small errors. In addition, the distribution of elements in a 
calculation domain is an important factor when triangular elements are adopted.   
By comparing the simulation results by MHF with those by FEM, it was confirmed that MHF has a great 
advantage in the evaluation of quantity of flow with a lower number of elements. For improvement in the 
calculation efficiency concerning the load computation, discretization technique may be one of the factors if the 
direction of the streamline can be forecasted in advance of the simulation. 
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